Introduction
High-order accurate schemes for conservation laws for unstructured meshes are not nearly so well advanced as such schemes for structured meshes. Consequently, little or nothing is known about the possible practical advantages of high-order discretization on unstructured meshes. This article is part of an ongoing e ort to develop high-order schemes for unstructured meshes to the point where meaningful information can be obtained about the trade-o s involved in using spatial discretizations of higher than second-order accuracy on unstructured meshes.
This article describes a high-order accurate ENO reconstruction scheme, called DD-L 2 -ENO, for use with vertex-centered upwind ow solution algorithms on unstructured meshes. The solution of conservation equations in this context can be broken naturally into three phases:
1. Solution reconstruction, in which a polynomial approximation of the solution is obtained in each control volume.
Flux integration around each control volume,
using an appropriate ux function and a quadrature rule with accuracy commensurate with that of the reconstruction. 3 . Time evolution, which may be implicit, explicit, multigrid, or some hybrid. This article focuses primarily on solution reconstruction. A new high-order ENO reconstruction technique for unstructured meshes is presented. The scheme is uniformly accurate for smooth functions, even near extrema. Near discontinuities, the scheme gracefully reduces the order of accuracy to control overshoots. Because the scheme is based on leastsquares reconstruction, implementation on unstructured meshes is straightforward. Finally, the present scheme has better convergence behavior than stencilsearching ENO schemes because the ENO property is obtained by the use of weights which vary smoothly with the data rather than by switching.
Section 2 summarizes of existing reconstruction techniques. Section 3 discusses the new reconstruction scheme, with some attention given to implementation details. Section 4 gives examples of the capabilities of the reconstruction scheme. Section 5 discusses a number of technical points concerning construction of a ow solver compatible with the new scheme. Section 6 gives several example solutions to the Euler equations. Finally, Section 7 gives some conclusions from the present work and discusses some issues still remaining for high-order accurate solution of the Euler equations on unstructured meshes.
Overview of Reconstruction Techniques
The use of high-order spatial discretization on structured meshes is commonplace. The development of MUSCL schemes 1] focused on attaining high-order accuracy for smooth solutions, with a drop in accuracy near discontinuities and near extrema in the solution. More recently, essentially non-oscillatory (ENO) schemes have been developed to ensure uniformly high-order accuracy for all points with a smooth neighborhood. Early work in one dimension 2, 3, 4] demonstrated the feasibility of this reconstruction scheme, which searches for the smoothest stencil for reconstruction in each control volume. Extensions to multiple space dimensions soon fol-lowed 5, 6, 7, 8] . Stencil-searching ENO schemes share the problem that small changes in the solution from time step to time step causes stencil \switching" and prevents convergence to a numerical steady-state. This problem has recently been addressed by a new family of weighted ENO (WENO) schemes 9, 10]. These schemes use a weighted sum of all possible stencils rather than searching for the smoothest possible stencil. Stencils containing non-smooth data are not excluded by theses schemes, but instead are given weights on the order of truncation error. Because the weights vary smoothly with the data, these schemes should converge well (although we are unaware of any studies of this issue). These schemes are one dimensional and are applied direction-by-direction for reconstruction on multidimensional structured meshes.
Several extensions of ENO schemes to unstructured meshes have been made based on stencilsearching approaches 11, 12] . These schemes, like their structured-mesh counterparts, are guaranteed to reconstruct based on smooth data when this is possible. They have the same convergence di culties as structured stencil-searching schemes.
A more common approach to reconstruction on unstructured meshes is to use least-squares reconstruction followed by some limiting procedure to eliminate overshoots 13, 14] . The reconstruction scheme described here is an extension of previous work 16] on the use of data-dependent least-squares reconstruction to produce ENO schemes. Previously, high-order reconstruction was demonstrated in one dimension, and second-order reconstruction and ow solutions were shown in two dimensions. The present work discusses high-order reconstruction and ow solution in two dimensions. The reconstruction scheme uses a xed stencil similar to that used by a typical k-exact least-squares scheme. An initial data-independent least-squares reconstruction is computed, and the smoothness of the data on the stencil is inferred from the results. Data-dependent weights are applied to the least-squares problem to virtually eliminate the in uence of non-smooth data, and a data-dependent reconstruction is computed. As in WENO schemes, the data-dependent weights are chosen to satisfy the ENO property of Liu, Osher, and Chan 9] .
An important di erence between the present scheme and WENO schemes is their behavior when a smooth stencil does not exist. Where enough smooth data exists | near a single discontinuity or boundary, Similar in intent are SLIP schemes 15], which are closely related to FCT schemes. SLIP schemes are local extremum diminishing and can in principle be extended to higher than second-order accuracy.
for example | each scheme reconstructs to the nominal order of accuracy. Where there are not enough smoothly connected neighbors, the scheme automatically reduces the order of accuracy of the reconstruction locally rather than contaminating the reconstruction. The result is a reconstruction scheme that is well behaved near multiple discontinuities while retaining high-order accuracy elsewhere. The remainder of this section describes this process in two dimensions. Reduction to one dimension, extension to three dimensions, and application to structured meshes are all straightforward variations on the theme.
Conservation of the Mean
Conservation of the mean within a control volume requires that (4) This integral may be evaluated exactly by using a Gaussian quadrature of appropriate order along the boundary of the control volume.
Compact Support
Compact support implies that the reconstruction R i will only use data from a stencil fV j g i whose members are both physically nearx i and topologically near control volume i. The size of the compact stencil is determined by the number of required derivatives. In practice, including additional neighbors allows leeway for ignoring some non-smooth data while retaining high-order accurate reconstruction. The use of 3, 8, and 14 neighbors for second-, third-, and fourthorder accuracy (to compute 2, 5, and 9 derivatives, respectively) seems to be su cient.
Stencils are determined iteratively. The initial stencil consists of rst vertex neighbors. For control volumes that need a larger stencil, second vertex neighbors are added. Additional layers of neighbors are added until a large enough stencil has been found for each control volume; this process is illustrated in Figure 1 . Nearly all interior points use rst neighbors for second order and add second neighbors for third and fourth order. Boundary points often add another layer of neighbors. Stencils are computed in a pre-processing step and stored for later use.
Accuracy for Smooth Functions
Accuracy of a reconstruction for smooth functions can be stated in two equivalent ways. The reconstruction can be said to be k-exact for some k if, (6) In practice, this accuracy requirement means that the modi ed Taylor series expansion of R i given in Equation 2 must be carried out through the kth derivatives. To compute these derivatives, we seek to minimize the error in predicting the mean value of the function for control volumes in the stencil fV j g i . The error for a single control volume is given by
Because this integral can be expressed in terms of geometric quantities and approximations to derivatives of u atx i , the errors E j;i can be used to formulate a least-squares problem for the derivatives. The remainder of this subsection develops this formulation in detail. 
3. for normal equations, where K is the condition number of the non-square matrix and is machine precision 17]. This also implies greater robustness. As a further improvement in robustness, the Householder transform approach can detect singular and nearly singular matrices on the y. If the least-squares problem is (nearly) singular, a column with (nearly) zero elements on and below the diagonal will be encountered during Householder triangularization. This failure occurs because the stencil is inadequate to support the requested number of derivatives. To resolve this, either more points must be added to the reconstruction stencil or the reconstruction must be modi ed to include fewer derivatives. The latter course is adopted in this work. Derivatives are computed only to the highest order for which all derivatives can be computed; the additional incomplete set of derivatives is discarded, because no increase in order of accuracy is possible by retaining them. After the upper triangularization of the leastsquares problem is complete, the residual for the solution is available at virtually no cost. Before back substitution, the problem looks like the following. 2 6 6 6 6 6 6 6 6 6 6 6 4 . . . r n?1 r n 1 C C C C C C C C C C C C A (15) If we seek m derivatives using an n point stencil, the rst m equations will be satis ed exactly.
The remaining n ? m equations will not be; the residualR, which is the same as the residual for the original problem, iŝ 
Scaling this by the RMS value of the geometric weight removes local mesh scale e ects:
R has several uses. Within the context of this work, R will be used to compute data-dependent weightings. R also is a good measure of how well the solution is approximated locally, making it yet another candidate for use as a re nement measure.
Reconstruction of Non-smooth Functions
The reconstruction scheme described above is designed for smooth functions. For non-smooth functions | those with O (1) discontinuities | such a scheme allows overshoots of O (1) . This is not desirable for either function approximation or scienti c computation, where such overshoots can easily produce aphysical values. This problem has typically been addressed by performing a reconstruction with geometric weights and preventing overshoots by heuristically limiting, or reducing, the derivatives (e.g., 13, 14] ). While this approach is not unsuccessful, it provides only a mechanical solution to an underlying theoretical problem. Speci cally, the stencil for a control volume i near a discontinuity will include control volumes j that lie on the opposite side of the discontinuity. Because the function is not smooth, approximating data in V j by a modi ed Taylor series around v i is inappropriate. Ignoring this mathematical fact causes the unphysically large derivatives that limiting seeks to reduce. A better alternative is to reconstruct using only data that is smoothly connected to data in i. This approach is taken directly by ENO schemes, which by design search for a smooth stencil and completely exclude non-smooth data from the reconstruction. WENO schemes work less directly, using all possible stencils and weighting those containing non-smooth data with a weight that is of the order of the truncation error.
In the present weighted least-squares context, weights are assigned to control volumes rather than to stencils. Nevertheless, the goal is to weight nonsmooth data with O ? x k+1 to satisfy the ENO condition of Liu, Osher, and Chan 9]. We seek to construct a data-dependent weight that will multiply the previously calculated geometric weight. This construction is based on two observations.
1. If the function is non-smooth and the neighborhood of V i crosses a discontinuity, then a modi ed Taylor expansion does not adequately describe the function locally and there will be one or more control volumes j for which 1 A j Z Vj R i (x ?x i )dA ? u j = O (1) : (18) This means that the residual R of the leastsquares problem will be O (1 (22) That is, for stencils containing only smoothly connected data, the data-dependent weights are all approximately 1, ensuring that the good qualities of the data-independent reconstruction will be preserved for smooth functions. For stencils that are not entirely smooth, the data-dependent weight for non-smooth data is smaller than that for smooth data by a factor of the order of truncation error. These weightings satisfy the ENO condition of Liu, Osher, and Chan 9] .
The data-dependent least-squares problem is closely related to the data-independent problem. The jth row in the least-squares problem of Equation 12 is modi ed by scaling with the data-dependent weight. With no further computation, the least-squares problem becomes 2 6 6 6 6 6 4
. . . 
As data-dependent weights are assigned, the number that are numerically large is counted. If too few control volumes are assigned high data-dependent weights, insu cient smoothly connected data is available to compute the desired number of derivatives. y Similar to the data-independent case, this results in a lowering of the nominal order of accuracy of the reconstruction locally. This loss of accuracy is most likely to occur for control volumes straddling discontinuities; near the intersection of two discontinuities; or near the impingement of a discontinuity on a boundary. Because no non-smooth data has a signi cant impact on the reconstruction, however, large overshoots in the reconstruction are not expected. This would not be true if non-smooth data were included.
In contrast, stencil-searching ENO schemes such as Abgrall's 12] can sometimes avoid local degradation of accuracy near a discontinuity by extending the stencil farther away from the discontinuity. However, for cases with medium resolution in which some control volumes do not have enough smoothly connected neighbors, stencil-searching schemes will use non-smooth (and therefore irrelevant) data. This approach can lead to large overshoots for such cases.
Also, consider a control volume V i that is divided by a discontinuity and therefore has an averaged function value that lies between the values on either side of the discontinuity. Here, reconstruction makes little physical sense because no smoothly connected data exists. The present scheme can detect such a situation and choose to reconstruct the solution in V i as piecewise constant, whereas stencil searching schemes will still seek a high-order polynomial reconstruction.
Summary
The data-dependent least-squares approach can be used to produce function reconstructions that satisfy the ENO condition. The least-squares heritage of these DD-L 2 -ENO schemes allows them to be applied easily to function reconstruction on unstructured meshes in multiple dimensions. The algorithm can be summarized as follows:
Input. A computational mesh, structured or unstructured. The average value of a function to be reconstructed for each control volume.
y Because data-dependent weights should all be O (()1) for smooth data, a cuto value of 0.1 is used to determine whether a weight is \high".
Output. An 
Contour plots of this function are shown in Figure 3 Because the reconstruction scheme is k-exact (with or without data-dependent weighting), we know that z Several typographical errors in the de nition of this function in 18] cause a mismatch with the plotted function there; the function shown here matches the plots in 18]. the accuracy of the reconstruction in smooth regions of the function will be of order k+1. Norms of the error in the reconstruction are meaningless in this context, because the di erence between the actual function and its reconstruction is guaranteed to be O (1) in control volumes that are crossed by a discontinuity. Instead, Figures 4{6 show the control volumes for which the nominal order of accuracy was not obtained on an isotropic triangular mesh with 26651 vertices for second through fourth order. The discontinuities in the function are clearly visible in these gures as control volumes with reduced reconstruction accuracy. In all control volumes away from the discontinuities, the nominal order of accuracy is attained. Table 1 shows the distribution of actual reconstruction accuracy for each case. 5 Flow Solver Implementation
In addition to reconstruction, there are several other details in the construction of a high-order accurate ow solver which require careful attention.
Flux Quadrature
After the solution has been reconstructed from control-volume averages to a polynomial in each control volume, the second phase of the ow solution procedure is computation of a ux integral, or residual, for each control volume. This integration must be done to at least the same order of accuracy as the solution reconstruction to obtain high-order accuracy.
In the present work, the integration is performed by Gaussian quadrature 19] around the boundary of each control volume. Gaussian quadrature has the property that an N-point quadrature along a line segment is 2N-order accurate. Accordingly, rst-and second-order accurate schemes (k = 0; 1) use N = 1, and third-and fourth-order schemes (k = 2; 3) use N = 2. Unfortunately, for the median dual this is not quite the full story, since the control volume boundary separating two adjacent volumes is not a single segment but two segments, each extending from the middle of an edge of the mesh to the centroid of a triangle. For rst and second order, this is not a problem; a single point can still be used. Although in practice using the mid-edge seems adequate, in principle this point should be the centroid of the pair of line segments. For third and fourth order, two points on each part of the segment are, in principle, required. These options are illustrated in Figure 7 . In both cases, the present work sticks to the letter of the law, using the quadrature points shown on the right side of the gure. As we shall see, computational time is dominated by reconstruction for high-order, so the additional ux computations are not a severe time penalty. At each quadrature point, the ux is evaluated using Roe's approximate Riemann solver 20]. 
Boundary Description and Implementation
A piecewise linear boundary description, as given by a polygonal input set, gives a second-order accurate representation of the shape of a smoothly curved boundary. For higher-order schemes, a more accurate boundary representation is required. The approach taken here is to specify, for each boundary segment, the inward normal at each end, as shown in Figure 8 . This is equivalent to specifying slopes at the end of each segment and allows the exibility to include sharp corners, because normals are de ned edgewise rather than pointwise. This slope information is used to construct a piecewise cubic representation of the surface, which is fourth-order accurate for smoothly curved boundaries. This cubic representa-tion is used to determine the Gauss integration data and control volume moments for control volumes on the boundary.
Computational Resources
Ultimately the question of practicality of high-order schemes will depend on trade-o s between accuracy and computational requirements. As preliminary data towards settling this question, requirements for CPU time and memory for the present implementation are tabulated here. Figure 9 shows the L 1 and L 2 norms of the error in density for this problem, and the accompanying table indicates the asymptotic order of accuracy achieved.
Transonic Airfoil Flow
To verify that the scheme behaves well for ows with weak shocks, AGARD test case 1 21] was computed on a mesh with 4156 vertices, shown in Figure 10 . Because the current scheme is an ENO scheme, we are interested not only in the solutions but also in the convergence behavior, to verify that it is possible to converge to machine zero. Figure 11 shows the surface pressure coe cients for this case for second-and third-order accuracy. There is little visible di erence in the solutions at this scale. Each solution shows a mild oscillation near the shock. Of note also is the behavior near the leading edge stagnation point. In value for second order is about 0.072, while for third order it is about 0.036. Figure 14 shows the convergence history for these cases. Multigrid W-cycles were used in conjunction with local time step and a three-stage time-stepping No serious e ort has been made to optimize the multistage scheme or the CFL number. The gure shows that convergence for the third-order scheme is not as good as for second order, but both converge well with none of the hang-ups often seen with stencilsearching ENO schemes. The fourth-order scheme does hang up, with oscillations in shock position and shape being the culprit. Further study is needed to eliminate this problem.
Scramjet Con guration
The scramjet con guration introduced by Kumar 22] was computed at M=5, = 0, solely as a robustness demonstration. The geometry for this case is shown in Figure 15 . A nearly uniform, isotropic triangular mesh with 8841 vertices was generated. Figure 16 shows density contours for a second-order accurate solution of this problem. Much of the detail of the ow is missing because of poor resolution (for example, the throat is only nine cells across), but the broad outlines of the shock re ections and interactions are present. Clearly, local re nement would be of tremendous bene t in resolving this ow.
Conclusions
This article has demonstrated the feasibility of computing high-order accurate solutions to the Euler equations on unstructured triangular meshes using an The scheme has been shown to be capable of converging to machine zero. Finally, the scheme's ability to handle complex, high Mach number ows robustly has been demonstrated.
A number of open questions remain. Extension to a three-dimensional ow solver will likely require switching to a cell-centered scheme because of the complex shape of vertex-centered control volumes. Might it also be advantageous to use a cell-centered scheme in two dimensions? In smooth regions of the ow, data-dependent reconstruction is unnecessary; an excellent representation of the solution is provided by the dataindependent reconstruction. Can the scheme recognize and exploit this feature without causing convergence to hang up by switching?
In very at regions of the ow, the use of fourthorder accuracy is, in a practical sense, overkill. Second-or even rst-order accuracy may be sufcient to represent the solution. How must a p-re nement scheme be designed to choose optimal accuracy locally? Some convergence and robustness questions re-main. Certain cases violate positivity, and convergence rates are not particularly good.
